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Problem 1

The equation

y =1+y% y(0)=0,

can be solved using separation of variables and integration to find y = tanx.

(a) Find a power series solution of (x*) and hence show that

tanx = + 1:53—1— 2:55—1—
N 3 15

[Note: you will need to use the earlier formulas for multiplication of two infinite
power series.]
(b) Now get the result above by repeated differentiation of (x%) and use of the

formula a,, = f(";z!(O)

Solution. (a) We assume that a power series solution exists, i.e.

00
y(;p) = Zan;pn = a + a;x —+ 0,21,'2 —+ ...+ anx" + ...

n=0
converges for |z| < R for some positive radius of convergence R > 0. Then, we can

differentiate the power series term by term to find

(oo}
y(x) = Znanx”’l =ay + 20,7 + 3azz* + ... + (n+ a, 12" + ...
n=1

Hence (*#) is satisfied if (2) = 1 + (1)2. Therefore, we have

gk

2
na,r" 1 =1+ (Z anx”)
n=0

by the formulas for multiplication of two infinite power series, we get:

2
00 0o n
n _ n
E a, T = E Oy | T
n=0 n=0 m=0

Substitute (4) into (3), we get:

o0 o0 n

n—1 _ n
E na,x =1+ E E GOy, | 2™
n=1 n=0 \m=0

Note that ay = 0 by the initial condition y(0) = 0. If the equation (5) is satisfied, the
coefficients of different powers of  must match. By inspection

n=1
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CLO:O
a;=1+at=a;=1
20/2 :2a0a1 :>a2 :O

1
3a3:2a0a2+a§$a3:§
da, = 2aga5 + 20,09 = a4, =0

Sas = 2aga, + 2a a5 + a3 = a5 =

15
n—1
na, = Z ama(nfl)fm
m=0
n
(n —+ 1>an+1 = Z Ay Op—m
m=0

Therefore, we get a power series solution of (xx), which satisfied the recursion formula
(6).
(**) can be solved using separation of variable and integration to find y = tanz. The

detail is followed:

y =1+y
dy
-7 =1 2
dx Ty
1
——dy=d
T+ ="

1
/71+y2dy—/dx

tan 'y =24 O
y=tanxz + C
y(0) = 0, then C' = 0. Therefore, y = tanz is also a solution of (xx). Then we have

1 2
= t = n = —_ 3 —_— 5 e
y(z) = tanx ngzoaox x+ 3% + =2 +

(b) We have y' =1 +y? = f/(0) = 1 as f(0) = 1. Then, differentiate (x*) at the both

sides and repeat:

y”" =2yy = f"(0)=0

y® =2(y) + 2yy" = ¥(0) =2

Yy =4dy'y" + 29"y + 29y = [P (0) =0

y® =4y + 4y +2(y7)" + 20"y + 2y(3) + 2yy® = FO(0) = 16
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Use the formula a,,

Then we get

1 3 2 5
tanr =+ —x° + —x° + ...



