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Inverse problems for partial differential equations

The Calderdn problem: given an open set 2 C R” and all
(voltage, current flux) pairs (v, f) € HY/2(0Q) x H=1/2(aQ)
satisfying

V-AVu=0 Q
u=v 02
yo,u="Ff 02

deduce the conductivity v inside £2. Asked by Calderén and he
solved the linearised problem.
Another well-studied problem is inverse scattering: given

Cq = {(u|8978VU|OQ) ‘ (A + q)u =0,uc HI(Q)} )

deduce the scattering potential g inside Q.



Purpose of the talk

» Situation related to nonsmooth potentials in 2D?
» How the inverse problem is solved in 2D?

» Status of our joint work with Imanuvilov and Yamamoto?



Some papers before Bukhgeim

» Calderén 1980 (manuscript from 60's): linearised problem

v

Kohn & Vogelius 1984: piecewise analytic

v

Sylvester & Uhlmann 1987: general smooth « and/or g in 3D

v

Alessandrini 1988: logarithmic stability result

Astala & Paivarinta 2006: general v € L* in 2D

Bukhgeim 2008: Schrodinger equation with g € WP in 2D
Novikov & Santacesaria 2010: stability for g € C? in 2D

v

v

v

Also, among others: Nachman, Liu, Jerison, Kenig, ...

Complex Geometric Optics solutions
u(x)=e"*(1+¢), peC" p-p=0,

or
u(z) =e™@(1+e), =0, 71



What happened regarding Bukhgeim's paper: my point of
view

» 2010 - licentiate thesis

» 2012 - Imanuvilov & Yamamoto: uniqueness for g € LP, in
arXiv

» 2013 - doctoral thesis: stability for g € Wy

Then meanwhile Albin, Guillarmou, Tzou, Uhlmann, Lai, Wang,
Salo, Barceld, Clop, Astala, Faraco, Rogers, Ruiz, Imanuvilov,
Yamamoto, Novikov, Santacesaria and others generalize the 2D
case: reconstruction, partial boudary data results, scattering with
noncompact support, systems, many kinds of elliptic PDE's

The focus of our research: reduce smoothness assumptions!



Our main results

Let Q C R? be a bounded Lipschitz domain and p > 2 .

Theorem (Uniqueness)
Assume that g1, qo € LP(Q) with Cq, = Cq,. Then q1 = qo.

Theorem (Stability)
Let e > 0 and M < co. Then there exists constants C,dy,0 > 0
such that

) —0
_ < In ———
a1 — qolli2¢0) < C < n d(cql,Cq2)>

if q1, g2 € W;(2) with norms at most M and d(Cq,,Cq,) < do.



Three ingredients of the proofs

By expanding by zero

(91-2)(20) = (1 ~02) (20) - /R [ 7eT DT (g1—qy)(2)dm(2)
7 [ (@ - auin(z)dn(z)
_ /Q (g1 — 32)(2) (1 u2(2) — €T (PE+@N) gim(z).

For the proof we will have u; and uy the CGO-solutions to
(A + gj)u; = 0 and ® a holomorphic Morse function. We will let
T — OQ.



Estimating the three ingredients

» Stationary phase, for ® Morse,

[ e gy qo)(2)dm(z) — 3 Calar-ae) (),
RZ

zp€{non-deg. crit. points of ®}

» Orthogonality relation for admissible solutions (A + gj)u; =0
/((h — g2)urup = small and known from boundary data,
Q
» Error term integral

<7

; / (@1 — @) (2) w11 — @@ gm( )
Q




Simple parts

From now on ®(z) := (z — z)?.

Lemma
Let @ € L?(Q2). Then

=0.
L2()

T—00

lim HQ(ZO)_/ Te"T((Z*Zo)2+(?fz*o)2)Q(z)dm(z)
R2

If Q € W5(Q) with e < 1/2, then the norm is at most Ct—5/? for
each .

Lemma
For any admissible solutions uy, uy to (A + qj)u; = 0 we have

" | (= dedurvnm| < gy o2l ) Car. Cn)



The third part (for stability)
If

m(z) = efT(Z*ZO)Z(]_ +n(z2))

PP 5 R = )
u2(z) — eIT(Z—ZO)2(1 + r2(Z)) ntrtnn

then the third ingredient, the error integral, is

T / eT(F2’+HZ=2)) (g, — ¢,)(2)R(2)dm(z) =: T, (z0)
Q

> q1,q2 € LP(Q) = |Z-(20)| < C7llar — q2lle(@) IR Lo ()
> q1,q2 € W3 (Q) = |Z+(20)] < Cllar — @2llwy) IRIwpe)
By interpolation

IZ-(20)| < €715 la1 — @2llwz@)IRIws @)

For stability, show that ||R|| vanishes fast enough as 7 — oo!



Existence of u = e'7®(1 + r) with enough decay on r?

Because A = 400,

{ If — e—i7(¢+6)g

) S — (A+ e™f) = 0.
0g = —%qe”(d’“’)f ( q)( )

Hence it is enough to consider the integral equation

f— B ( —IT(¢+$)6—1(eiT(¢+$)qf‘))

_ 1
4

7 h(z) = L / MZ) gm(z), o lh(z) = % / MZ) ('),

z—Z z—Z7



Existence, Carleman estimate

Mapping properties:
907 LP(Q) = LP(Q),  LP(Q) — L(Q)
for
. 1 1
2<p<oo, 1l<p™<2, E:f—i—f.
Theorem
Let x € C§°(R?). Then

107 D) |y < 7212 3l ey,

\\3_1(ei7(¢+$)xa)HLoo(Rz) < CT_l/pHava;(W)-



Existence of u

Theorem
Let g € WE(Q). If T > 70, there is u € W3 (R?) such that
Au+qu=20inQ and

u(z) = (1 + r(2)),

sup||rllws () < Cr=1/2-1/p,
70



Stability

Now estimate all terms in L2(Q) from

(01— 32)(20) = (a1 — 42)(20) — /R 7O (g — g)(2)dm(2)

+T/Q(q1 — G2)urtp(2)dm(z)

- /Q<q1 — @)(2) (1nuy(z) — €7@ dm(z).



Stability

Now estimate all terms in L2(Q) from

(01— 32)(20) = (a1 — 42)(20) — /R 7O (g — g)(2)dm(2)

+T/Q(q1 — G2)urtp(2)dm(z)

— 7—/ eiT((Z_ZO)2+(E_ZT'J)2)(q1 — q2)(z)R(Z)dm(Z)
Q



Stability

Now estimate all terms in L2(Q) from

llgr — 2|2 < H(ql —q) — /R2 7eT(*@)T0@) (g — g2)(2)dm(z)

—i-TH/Q(Cll—CI2)U1U2(Z)dm(Z)

i TH /Qe,-f((z—zo)%(z—m)z)(ql — qz)(z)R(z)dm(Z)H

L2

L2
2

> stationary phase



Stability

Now estimate all terms in L2(Q) from
lg1 — @2ll 2 < €772
+ TH /(q1 — q2)urup(z)dm(z)
Q

n TH /Q eim((z—2)+(z7)) (g _ q2)(z)7z(z)dm(z)HL2.

L2

> stationary phase

» boundary data and norms of u;



Stability
Now estimate all terms in L2(Q) from
g1 — qoll;2 < CT7</
+ Cre“7d(Cqy, Coy)

+ TH /Q ez +E2) (g, q2)(z)R(z)dm(z)HL2.

> stationary phase
» boundary data and norms of u;

» error norms given by the Carleman estimate



Stability
Now estimate all terms in L2(Q) from

g1 — ol 2 < Cr¢/2

+ CTeCTd(Cch Can)

+ C717571/271/p‘

v

stationary phase

v

boundary data and norms of u;

» error norms given by the Carleman estimate

v

p sufficiently close to 2



Stability
Now estimate all terms in L2(Q) from

g1 — ol 2 < Cr¢/2

+ CTeCTd(Cch Can)

+ Cre/2,

v

stationary phase
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boundary data and norms of u;

» error norms given by the Carleman estimate
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Stability
Now estimate all terms in L2(Q) from

g1 — ol 2 < Cr¢/2

+ CTeCTd(Cch Can)

+ Cre/2,

v

stationary phase

v

boundary data and norms of u;

» error norms given by the Carleman estimate

v

p sufficiently close to 2

-0
Implies [lg1 — g2l 2(0) < € (In m) for a choice of 7.



How is uniqueness shown?

Actually:

9f = e—ir(d>+$)g

iT® £y _
(A+q)(e"f) =0 {8g = _lgeim(®+®)f

so one may consider

f=11+ 5_1(e_i7(¢+$lg)7 oY1 =0
g =1p— 3071 (qe™®TOF), Dipp =0

So use new types of solutions than (¢1,12) = (1,0)!



CGO solutions from Imanuvilov and Yamamoto

Solutions to (A + g)u = 0 from Imanuvilov and Yamamoto's 2012
manuscript:

u(z) = €™ f(z)
f(Z) — e—iT(¢+6) + %a—lq(ZO)g—l(e—iT((b-i-g)X)
o %5_1 (e—iT(¢+$)X8—l(eiT(¢+$) qf))
_ e—i7(¢+$) + %g—l(e—ir(¢+$)(a—lq(20) o 8_1C7)X) +r
Now there is a better decay on the error

sup||rlp(qy < Cr~/272/P.
20



Uniqueness

By

—itT® irda—1/ _ir 1oy — - iT
U =e’ ¢+%el d>8 (e i (¢+¢)(a 1q1(20)_8 1q1)X)+el <Dr1
Uy = efi‘rfb + %ede)afl(efiT(¢+¢)(5—1q2(zo) —5_1612))() + ei‘rq:'r2

and the equality of the Cauchy data

0= T/(q]_ — q2)urupdm(z)



Uniqueness

By

-~ . —1 . - B . .
up = e iTd + %en—cba (e IT(¢+¢)(8 1671(20) —9 1q1)X) + elT<Dr1
Uy = e ¢ %eiﬂbafl(efir(¢+¢)(5—1q2(20) B 5_1612)X) 4™,

and the equality of the Cauchy data

0=7 [ (@1~ @Jundn(z) = 7 [ (g~ gz)am(z)



Uniqueness

By

.= . —1 . D), B ir
up = e IT¢+ %elrd)a (e /T(¢+¢)(d 1q1(20) —9 1q1)X) + ¢ <Dr1

—it iT® 9—1( —iT(®+®) 71 51 iT®
wm=e "+ 107 (e (49 (@ ga(20) — D @)x) +e7n
and the equality of the Cauchy data

0= T/(q]_ — q2)urupdm(z) = T/ei7(¢+¢)(q1 — q2)dm(z)

+ Z/al(e—i7(¢+¢)(8_1ql(zo) -0 'q)x) (a1 — q2)(2)dm(2)



Uniqueness

By
U = efiTE + 1ei7—d>5—1(e—ir(¢+$)(aflq1(20) _ 3716]1))() + eiTq’rl

4
= e ™ 4 %ei75afl(efi7(¢+5)(5 1q2(20) _ 3

and the equality of the Cauchy data

0=7 [ (@1~ @Jundn(z) = 7 [ (g~ gz)am(z)

+ Z/al(e—i7(¢+¢)(8_1ql(zo) -0 'q)x) (a1 — q2)(2)dm(2)

+ similar for g



Uniqueness

By

u = e+ 19 (e T (971 () — 9 qn)x) + €7%n

4
w = e 4 10 (e @ qa(20) ~ T q)x) + €72

and the equality of the Cauchy data
0=7 (@ - @urundm(z) = 7 [ &) gy ~ ga)dm(z)

+ 2/81(6_i7(¢+¢)(8—1q1(20) _ 8_1511))()((71 — 3)(2)dm(2)

+ similar for go + O(7/272/P).



Uniqueness

By

b = e %eiﬂpg_l(efiT(¢+$)(‘971Q1(Zo) - 3716]1))() +e™n

uy=e '™ 4 %e"Taafl(ef"T(@rE) (571q2(20) -0
and the equality of the Cauchy data
0= (@ - @urundm(z) = 7 [ €7@+ gy ~ ga)dm(z)

n Z/8_1(e_i7(¢+¢)(8_1q1(20) ~ 0 'q)x) (a1 — q2)(2)dm(z)

+ similar for gp + O(71/272/P),

For the middle term: [ vd ‘wdm = i wd vdm



Uniqueness

By

—itd iroa—1l/ —ir ) — - iT
m=e """+ 19 (e (©+9) (971 q1(20) — 8 Yaq)x) +€e™%n
m=e "+ %eiTq’a’l(e”'T(q’*q’)(g*lqz(zo) —0
and the equality of the Cauchy data

0= (@ - @urundm(z) = 7 [ €7@+ gy ~ ga)dm(z)

+2 / e Ot (9 q1(20) 0 q1(2))x(2)0 " (g1 — @2)(2) dm(2)

+ similar for gp + O(71/272/P),

For the middle term: [ vd ‘wdm = i wd vdm



Uniqueness

By
m=e0 4 %eimg_l(e_iT(¢+$)(3_IQ1(ZO) — 97 q)x) +€7%n
w=e'T+4 %ede’@_l(e‘iT(¢+¢)(5_1qz(20) 9 "@)x) +€e™%n
and the equality of the Cauchy data

0= 7'/(q1 — q2)urpdm(z) = T/e_iT(d’er’)(ql — q2)dm(z)

T —iT 9 - — —
42 [0 gy (2) -0 L (@)(E)0 1~ ) (2)lm(2)

+ similar for g + (’)(7'1/2_2/”).

Letting 7 — oo we get 0 = (g1 — q2)(20)-



Future work in 2D

» g of unbounded support with Gaussian decay and no
smoothness

» connection between PDE's and first order systems, especially
with respect to boundary data



i Thank you for your attention!



