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1. INTRODUCTION

In this paper, our aim is to give more detailed proofs of our earlier results
in [2], in particular to correct a missing smoothness assumption in Lemma 2.4
and show that it follows from our theorems’ assumptions. Let A, u be the
Lamé constants satisfying the following strong convexity condition

>0 and nA+2u >0 (1.1)

in dimensions n = 2,3. Let f € C" be an external force, which is assumed
to be compactly supported. More specifically we are interested in forces
applied to a subregion, which are denoted by the functions f = xq¢, where
xq is the characteristic function of a bounded Lipschitz domain €2 in R™ and
@ € L*(R";C"). Given an angular frequency w > 0, let u(x) = (u¢(x)))_,
be the displacement vector field. Then the time-harmonic elastic system is

Mu + (A + p)VV - u+ w?u = f in R", (1.2)

Via the well-known Helmholtz decomposition in R™\Q, one can see that
the scattered field can be decomposed as

u=1u,+us in R"\ Q
with

1
up = ——V(V - u) and us = —rot(rotu),

wp w3
1
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where w), and w; are the compressional and shear wave numbers, respectively,
which are given by

w
and wg = —

w
Wy = —— .
TV VH
Above rot = V- represents 5 clockwise rotation of the gradient when n = 2,
and rot = Vx stands for the curl operator when n = 3. The vector fields u,
and us are called the compressional and shear parts of the scattered vector
field u, respectively. In addition, recall that f =0 in R™ \ Q. Then u, and

u satisfy the Helmholtz equation
(A + wg)up =0 and rotu, = 0 in R™\(, (13)
(A +wHu, =0 and V- ug = 0 in R™\Q. ‘

Therefore, for the elastic scattering problem of Equation (1.2), we need to
pose the Kupradze radiation condition

. 8’le . . 3'“/5 . _ —
Tlgrolo <8r - zwpup> =0 and Tlggo (37“ - zw8u5> =0, r=lz|, (14)

uniformly in all directions Z = z/|x|. Moreover, one can also expand the
functions u, and u, as

1 eiws|x| N il
ug(r) = Eﬁ |n;1u§°(:c) + 0 <|x|_ _2H> as |z| — oo,
x|l 2
L il A » (1.5)
up(z) = Euﬁuz‘f’(w) +0 (|m _T) as |z| — oo,
x| 2

for n = 2,3, where ug® and w,° denote the transversal and longitudinal
elastic far fields radiated by the source f. Furthermore, ug® and u,° can be
explicitly represented by

wrte) =t ([ eergmay), upte) =t ([ e sy,

for any unit vector e € S"~!, where Il is the projection operator with re-
spect to e. Notice that the vector fields u3® and u,° are the tangential and
the normal components of the Fourier transform of f evaluated on S"~!.
Note that the elastic far fields (1.5) of the Navier’s equation are derived
using the Helmholtz decomposition of Equation (1.2) and the far-field pat-
terns for the Helmholtz equations of (1.3), which is allowed by the radiation
conditions of Equation (1.4). Let us recall our theorems, which were stated
in [2].

Theorem 1.1. Let f = xqe for a bounded domain Q C R", n € {2,3}
and bounded vector function ¢ € L*®(R™). Let w,u > 0, nA +2u > 0
and w € H} (R") satisfy Equation (1.2) and the radiation condition of
Equation (1.4).

Assume that Q has a corner (2D) or an edge (3D) that can be connected
to infinity by a path in R™\ Q, and that ¢ is Holder-continuous near it. If
u has zero far-field pattern, then ¢ = 0 on the corner or edge, i.e. p is the
zero vector. In other words, f has no jumps at these locations.
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Theorem 1.2. Let n € {2,3} and Q,Q C R™ be bounded convex polyhedral
domains. Let ¢,¢’ € C*(R™), for some o € (0,1) and have nonzero value
on 09,00 .

Define f = xap, ' = xa@’. Let w,p > 0, nA+2u > 0 and u,u’ €
H? (R™) have elastic sources f, f'. In other words they satisfy Equation (1.2)
with the radiation condition of Equation (1.4).

If w and u’ have the same far-field pattern then Q = Q' and ¢ = ¢’ at

each of their vertices and in three dimensions, edges.

Before stating the last main theorem of [2], let us recall the definition of
the interior transmission eigenfunctions.

Definition 1.3 (Interior transmission eigenfunctions). A pair (v,w) €
L2(Q) x L?(Q) is called interior transmission eigenfunctions for the Navier
equations with density V' € L*°(Q) at the interior transmission eigenvalue

(1.6)

Mw + (A + p)VV - w + w?w = 0,
MV + A+ p)VV v +w? (14 V)v =0,

and v —w € H%(Q) with v = w and T, v = T, w on JN. Nothing is imposed
on the boundary values of v, w individually.

Above Ty, is the boundary tration operator.

Definition 1.4. The boundary traction operator T, is defined as follows.
In the two-dimensional case it is

T,u= 2/12? + AV -u+ ,UVJ'(82U1 — O1ug),

where v = (v1,1%) is a unit outer normal on 99 and v+ := (—vy, 7). In the
three dimensional case,

T,,u:2,ug—:—|—)\uv-u+,uu><(qu),

where v = (11,19, 13).

We show the similar conclusion for the interior transmission problem for
an elastic material with varying density, with more specifically conditions as
follows.

Theorem 1.5. Let n € {2,3} and Q C R™ be a bounded domain. Let V €
L>(Q) be the material density, and pn > 0, nA + 2 > 0 be constant Lamé
parameters. Assume that w > 0 is an interior transmission eigenvalue and
v,w € L*(Q) are the corresponding transmission eigenfunctions defined by
Equation (1.6).

Let z. be any vertex (2D) or edge point (3D) of O around which V and
either one of v,w are C* smooth in 0, for some o € (0,1/2). Then so is

the other, and v(x.) = w(z.) =0 if V(z.) # 0.

The note is organized as follows. In Section 2, we discuss the corner scat-
tering in a plane, and we use the dimensional reduction technique to solve
the three-dimensional case. Finally, the proofs of our theorems are in Sec-
tion 3. The proofs and statements Lemma 2.4 onwards have been updated
compared from the corresponding ones in [2].
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2. CORNER SCATTERING

In the rest of this article, let us write £ := AA + (A + p)V(V-) for the
second order elliptic operator. In particular, in two dimensions, note that
the system of Equation (1.2) can be expressed componentwise as

DA+ A+ )02 (N p)010, L,
fu= < A+ p)d102  AA+ (A + p)o32 u=finR" (2.1)

From now on we identify R? with the complex plane C, and we have the
following results, which were shown in [2].

Lemma 2.1. Let Q C C such that QN (R_U{0}) = 0. Let

v(z) = (f;{pp((__ SS@)> (2.2)

where z = x1 +ix9 and s € Ry. The complex square root is defined as

Vz=1/]7| <cosg + isin Z) (2.3)

where —m < 0 < mw is the argument of z. Then v satisfies Lv = 0 in ().

Proposition 2.2. Let v : R? — C be the function given in Lemma 2.1 and
define the open sector

K={x c R? | z # 0, 0, < arg(xy + ize) < Opr}
for angles satisfying —m < 0, < Opr < w. Then

/ v1(z)da = 6i(e20M1 — g=20mi) =4,
K

In addition for a,h >0 and j € {1,2} we have the upper bounds

. 20 — 0m)T(20 +4) o
[ 5@ ol e < ot =0 TR0 ) e
K K
and
6(0rr — Om
/ lvj(x)] de < 7( M 1 )8_46_6KS\/E/2.
K\B(0,h) Je
where 6k = min  cos(0/2) is a positive constant.

0m<0<6);
Proposition 2.3. Let Q C R? be a bounded domain and define the cone
K={ze R? |2 #0, 0y, < arg(wy + izg) < On } (2.4)

with angles —m < 6, < Oy < ™ where Op; # Oy + 7. Assume that 0 € 0N is
the centre of a ball B for which QN B =K N B.
Given a € (0,1) and f € C*(Q N B), let u € H*(2N B) solve

Mau+ A+ p)VV-u +wu = f in QN B, (2.5)
for some fixed w > 0. If u =0 and Tyu =0 on QN B then f(0) = 0.

In what follows, we give more details about the proof of [2, Lemma 3.3].
We denote the range of the various functions explicitly to make it clearer
which function is a three-vector and which a two-vector.
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Lemma 2.4 (Dimension reduction). Let D be a locally Lipschitz open set
in R?, L > 0 and o € (0,1) be constants. Given f € C%(D x [~L, L];C?),
let w € H*(D x (=L, L);C?) be a solution of

{Eu(:v) +wlu(z) = f(z), fora=(2',23) €D x (—L,L),

u(x) =0, Tyu(x) =0 forz = (2',z3) € T x (—L, L), (2:6)

where I' C OD consists of two connected segments, v is the unit outer normal
onI'x (=L,L), and w,pn > 0,3\ 4+ 2u > 0. Consider ¢ € C°(—L,L) and
£ € R, and we define the dimension reduction operator R¢ by

L
Reh(2') ::/ e~ @8 (x3)h(a, x3)dxs, forx’ € D.
-L
Then one has Reu € H?*(D;C%) N C*(D;C3). If w € W*2/(l=a)(D x
(=L, L);C3) then there is a function Fy = Fe¢(z') € C*(D;C?) such that
Reu is a solution of

Z',(Rgu)(a:’) + w2R§u(x’) = Fe(2!) for ' € D,
Reu(2') =0, T, (Rew) (') =0, 0y (Reus) (') =0 fora’ €T,
(2.7)
where
~ AN + ()\ + ,U,)a% ()\ + /L)alag 0
L= A+ 1)0105  AA'+(A+w)d2 0 (2.8)
0 0 VAN

with A’ := 03 +03 being the Laplace operator with respect to the ' -variables,
and u = (v, ug) = (u1, uz,us). Furthermore, we have

Fe(2') = Ref(2!) for 2’ €T, (2.9)

Now we abuse the notation to denote that T,u in (2.6) stands for the
boundary traction in the three dimension, and T,, (R¢w') (') in (2.7) denotes
the boundary traction of the two dimensional vector u' = (u1, uz) evaluated
at the point 2/ € R2.

Proof of Lemma 2.4. Denote w = (uy,u2,us). By using [1, Lemma 3.4] one
can conclude that Reuy € H2(D) for £ = 1,2,3. It is also in C*(D) because
H?(D) embeds into it in two dimensions. Hence, it remains to show that
R¢u solves Equation (2.7), such that Fy € C%(D;C?) and (2.9) hold. The
beginning of the proof proceeds as in that of [2, Lemma 3.3].

In order to derive the equation for R¢u, note that in the three-dimensional
case, the isotropic elastic operator £ can be rewritten as

A+ A+ @) (A + p)010s (A + 11)9105

L= O+wdo MAO+pR  A+w)dds |, (210)
(A+ p)0n0s A+ )85 AA+ (A + )03

then we also have Lu + w?u = f — h(u), where

A8§u1 + ()\ + M)agalu;g
h(u) = )\8%’&2 + ()\ + [L)agagu;g . (2.11)
(2A + #)6322@, + (A + p)03(01ur + Gaug)
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The Lebesgue dominated convergence theorem and an integration by parts
formula yield that

L(Reu) + W’ Reu = Fe(2') := R f(2') + Ie(2') + T e (2), (2.12)

where

L Aug
L(2') = — / ) | Aue | () w)das

—* (2A + p)us
L ) )\ul
+ 21'5/ e (w3) Ay (2, x3)dz3 (2.13)
-t (2A + pus
)\’U,l
+ &Ry Ay (),
2\ + p)ug
and
Orus
IIe(2") = —i&(A + )Ry Ooug (z)
O1uy + O
1u1 QU2 (2.14)
L ) Olug
+ (A +p) / efmggqﬁ/(a:g) O3 (2, x3)dz3.
—-L O1u1 + Osus

This gives the first part of (2.7). The following is where more details and
some modifications to the proof of [2, Lemma 3.3] are needed.

Let us show that the boundary condition in (2.7) holds. Since u = 0 on
I'x (=L, L), one can easily see R¢u = 0 on I'. On the other hand, from u =0
onI'x (=L, L), we see that d3u; = d3us = d3ug = 0 on ' x (—L, L) because
03 is along the direction of the boundary. Using this, and noting that the
unit outer normal vector is of the form v = (v1,15,0) on I' x (=L, L), a
direct computation yields that

0=T,u

w1 (201urvy + Orugre + Oaurve) + A (O1urvy + Oaugry)
= | p (Orugvy + 202ugvy + Oaurvr) + A (Orurve + Oausgrs)

p (O1ug + Oaus)
_ T, (u')
— \p(01us + Oqus3)

on I'x (=L, L), where T,,(u') in the second line of the above equality denotes
the traction operator on I' C R2. In addition, the differential operators and
components of v in (2.15) commute with the dimensional reduction operator
R¢. We apply it to (2.15) and see that (2.7) holds.

By the Minkowsky integral inequality and the Holder inequality we note
that I € H?(D) which embeds into C*(D) by the Sobolev embedding. We
shall need this argument later and it is a simple generalization of the one
in [1, Lemma 3.4], so here it is in more detail: let 3 € N2. Then dominated

(2.15)
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convergence implies that

L

L
85,/ e_i“éz/z(xg)w(x’,:):g)d:):g—/ e_”3§z/1(x3)8f,w(x',xg)dxg (2.16)
-L -L

for any smooth ¢ and w. The Minkowski and Hélder inequalities give then

L
Hafx/ e~ p(zg)w (-, z3)dws
L

<[ o]
<tllo ([ LL dm:«;)l_l/p

=L)"Y |yl [ 0w

Lr(D)

85,11)(-, :):3)’

d
Lr(D) 3

LP(Dx(—L,L))

(2.17)

85,10(-,953)‘

Lr v ((~1,1),25)

~|

and this can be then extended to any w € W2P(Dx(—L, L)). In other words,
any dimension reduction operator (of the type in the Lemma statement) will
map W*P(D x (~L,L)) — WkP(D) for k€ Nand 1 < p < c0.

We will show that Fy € C%(D;C?) next by showing the same for all
of its three terms in (2.12). Note that Ref € C*(D;C?) by [1, Lemma
3.4] because f is Holder continuous with the exponent a. We showed that
I € C®(D; C?) right before (2.16). We will show that I1; € C%(D;C?) next.
Recall that uw € W22/(=)(D x (~L, L);C?). This implies that 9, u; €
Wh2/(=a)(D x (~L,L);C) for all j,k = 1,2,3. The dimension reduction
argument (2.16)(2.17) implies that IT; € W12/(1=2)(D;C?) because the
components of Il; are sums of dimension reduction operators applied to
various 0y, u;. This space embeds into C*(D;C?) by Sobolev embedding.

It is easy to see that I¢(2') = 0 for 2’ € T since u(z', z3) = 0 for (2/, 23) €
I' x (=L, L). To prove (2.9) it remains to show that that Il = 0 on I'. By
denoting T’ := Sy U Sy, where Sy, Sy are segments and Sy N Sy = {zf} is
the corner point, we only need to demonstrate that II¢(z') = 0 on Si. By
choosing suitable boundary normal coordinates, without loss of generality,
we may assume that Sy x (—L,L) C span{e;,es} C R3 with its normal
direction v = es. Here {ej, e9,e3} forms the standard orthonormal basis in
R3. Recall that u € H? (R3;C?), then one has gTu,i € H. (R3) for j,k €
{1,2,3}. Therefore, g%i " is a well-defined L?(T' x (—L, L))-function
in the trace sense.

Since u = 0 on S; x (—L, L), we have 27"2 =0forj=1,2,3and k =1,2.
Therefore, by using the boundary traction T,u = 0 on S; x (=L, L), and
that © > 0, A 4+ 2 > 0 which follow from the assumptions, one can easily

see that 2% = 0 on T x (=L, L) for j,k = 1,2,3. Similar arguments hold

oxy,
when «’ € Sy, which proves that I¢(2’) = 0 on I'. This demonstrates

Equation (2.9). O

Proposition 2.5. Let  C R3 be a bounded domain with 0 € 0). Let 0,,,
Opr be the number given by Proposition 2.3 and IC be the cone defined by
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Equation (2.4). Suppose that 2 has an edge of opening angle Opr — 0., that
is, given an origin-centred ball B C R? and there exists L > 0 such that

(Bx (—L,L))NQ = (BNK) x (L, L).

Given f € C*((Bx (—L,L))NC?) for some a € (0,1), let u €
H?((Bx(—L,L))N$; C3) be a solution of Lu+w?u = f in (Bx(—L,L))NS
where w, > 0,3+ 2u > 0. Then

u=T,u=0 on (Bx(—L,L))NoQ implies that f(0) =0
if u e W22/(=)((B x (=L, L)) N Q;C3).

Proof. By Lemma, 2.4, given any £ € R, there are Fy € C*(B N IC; C3) and
a 3-vector U € H*(BNK;C3)NC*(BNK;C3) fulfilling LU = Fy in BNK,
where L is defined by Equation (2.8) and F¢(z') = R¢f(2") on B N oK.

Splitting L into an operator acting on (Up,Usz) and another acting on Us
this is equivalent to having both

<)\A’+ A+ )32 (A + p)d1ds > <U1> o <U1> _ <(F§)1>

A+ w0102 AN+ (A +w)d3 ) \Uz U, (Fe)2
(2.18)
and
M'U; + WUs = (Fy)s (2.19)

in BNK C R2 Here A’ = 92 + 02 is the two-dimensional Laplacian. Note
that the operator in (2.18) is the same as in (2.5). Furthermore, Lemma 2.4

shows that
U\ U\
(9) =2, (%) =0, s o
where T}, is the two-dimensional boundary traction, and
Us =0,U3 =0, BnNnokK. (2.21)

We are going to deal with the two-dimensional elastic system of Equa-
tions (2.18) and (2.20). Note that since p > 0, we see that 3X\ + 2u > 0
implies 3\ + 3 > 0 and hence also 2\ 4+ 2u > 0, so the system represents
indeed elasticity. Then Proposition 2.3 implies that (F¢)1(0) = (F¢)2(0) = 0.
Next, if A = 0 in (2.19), we see that (Fg)3(0) = w?Us(0) = 0. If X # 0, then
(2.19), (2.21) and the Helmholtz case from [1, Proposition 3.3] imply™ that
(F2)3(0) = 0.

Finally, recall that

L

0= F(0) = Ref(0) = [ e *06(2)£(0.) daa
-L
for any smooth cut-off functions ¢(z3) € C°((—L, L)) and for any & € R.
The Fourier inversion formula implies that f(0) = 0.
O

*They have w = 0, but it is not an issue. We can set f = (F¢)3/\ — w?Us/\, u = Us
and u' = f’ = 0 in that proposition.
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3. PROOF OF THEOREMS

In the end of this note, we prove our theorems which stated in Section 1.

Proof of Theorem 1.1. Rellich’s lemma for the Helmholtz equation (see e.g.
[3, Lemma 2.11]) and the unique continuation principle imply that u, =
us = 0 in the connected component of R™\ () that reaches infinity. Hence u =
0 and T, u = 0 on the boundary of the corner or edge. The 2D case follows
from Proposition 2.3. For the 3D case, it would follow from Proposition 2.5
if u would be smoother. However we see that u € Wli’cp(Rg;(C?’), for any
p € (1,00) by [4, Theorem 7.3] and this is enough. O

Proof of Theorem 1.2. By Rellich’s lemma for the Helmholtz equation again
and the unique continuation principle, one must have u, = wuj, us = uj in
R™\ QU . Without loss of generality, we may assume Q ¢ . Then by
convexity there is a corner (2D) or edge (3D) point z, € 99\ V. Since
u = u’ outside Q U Q) we have u = v’ and T, u = T, u’ on 0N near z.. Set

w = u — u'. We have

Mw 4+ A+ p)VV - w + w’w = f

in R near z. where f/ = 0, with w € H?. The interior elliptic regularity of
[4, Theorem 7.3] implies that w € W22 1~ in a smaller neighbourhood of
x.. Proposition 2.3 and Proposition 2.5 — the latter requiring the additional
integrability from the previous sentence — imply that ¢(z.) = 0. But this
is a contradiction since ¢ # 0 on Q. Hence Q C §2. The same proof with
Q, Q' switched shows that Q' C Q. Therefore, Q = (V.

Next, let z. be a vertex (2D) or an edge point (3D) of 9Q = 9. If
w = u — u then this time

Muw + A+ p)VV - w + *w = f — f

in R" near x., with w € H?. As above, [4, Theorem 7.3] implies that
w € W22/(1=2) in g smaller neighbourhood of z.. Rellich’s lemma for the
Helmholtz equation and the unique continuation principle for the Navier
equations imply that w = 0 and T,w = 0 on 0f) near z. in this case too.
Proposition 2.3 and Proposition 2.5 imply f = f’ at .. U

Finally, we can prove the third main theorem in this paper.

Proof of Theorem 1.5. Move coordinates so that x. = 0 for this proof. In
two and three dimensions H? embeds into C if 0 < a < 1/2. So u = v —w
is Holder-continuous in the neighbourhood of the corner or edge’ and thus
both v and w are too, since one of them is in C'* near the corner or edge
by assumption.

Set f = —w?Vw and u = v — w. These functions satisfy

Lu+w’u = Au+ A+ p)VV-u+’u=f (3.1)
with u € H?(Q;C"), u = Tyu = 0 on 99, and f € L?(Q;C").

In this theorem € is not necessarily smooth enough for Sobolev embedding to hold
globally.



10 E. BLASTEN AND Y.-H. LIN

In the two-dimensional case Proposition 2.3 implies that f(0) = 0. Let us
consider the case n = 3 next. Let B C R? and L > 0 be as in Lemma 2.4
but small enough that

(1) a slightly larger ball B,, and length L, also satisfy those assump-
tions, and
(2) V,v are C* in (By, X (=L, L)) N Q.
Denote Uy, = By, X (—Lm, L) and U = B x (—L, L). Thus we have u €
H2(U,, NQ;C3), f € C¥U,, NQ;C3) and (3.1) there too.

We will extend u to the whole U, next and show that the extension is
in H2(U,,; C3). For h € LY(U,, N Q) let Egh be the extension of h by zero
to Uy, \ . Let us show that 9; and Ey commute for h € H'(U,, N Q) with
h =0 on U, NoQ. Let ¢ € C5°(Uy,). Weak derivatives and integration by
parts yield that

(0;Eoh, ¢) = —(Eoh, 0;¢)

= / ;¢ da
U NQ

= / Ojho dx — / hvj¢ do
UmNQ A UmNQ)
= (Eo0jh, ¢)

(3.2)

because h = 0 on U, N9 and ¢ = 0 on OU,,. Hence 0;Egh = Ey0;h.

The final paragraph of the proof of Lemma 2.4 applies here too, and it
implies that u; = 9;u; = 0 on U,, NN for all ¢, ;. Because u; € H?(U,, N
2; C) and the boundary conditions, we see that both u; and 0ju; satisfy the
conditions required of h above. Hence 0;FEgu; = Egdju; € L?(Up; C) and
8k(9onu7; = ankajui S LQ(Um;(C) for all 7, k. Thus Eyu; € HQ(Um;(C) for
all 1.

It follows that Equ € H?(Uy,; C?) and

LEyu = Eyf — w’Eyu, in Uy,. (3.3)

Note that Egu € H%(Uy,; C3) < L®(Up,; C3) by the Sobolev embedding.
Also f € LU, N C3) so Egf € L (Up,; C3). Thus the right-hand side
above is in L (U,,; C3). Interior elliptic regularity [4, Theorem 7.3] implies
that in U € U, we have u € W2P(U) for any 2 < p < o0, so in particular
also for p =2/(1 — «).

We have thus that f € C*(UNQ;C?), uw € W>2/(1=2)(U N Q; C?) and
(3.1) with the zero boundary Dirichlet and traction conditions. Proposi-
tion 2.5 implies that f(0) = 0, i.e. f vanishes at the given point on the
edge. If V(0) # 0 then v(0) = 0 and since v = w on 9, so is w(0) =0. O
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