MA5892: NMSC End Semester Exam Roll number: PH15M015

1. An integral of the form /0 1 f(x)dx was computed by two students using trapezoidal rule with end
point corrections involving only the first derivative. The first student reported the value as 0.8
using a grid spacing of h, while the second student reported the value as 0.75 using a grid spacing
of h/2. A smart, lazy student from NMSC class enters their discussion and gives a better answer
of the integral with a higher order of accuracy by processing the information above. How did he

do it? What was his answer? What is the order of accuracy of his answer?
Solution:

We obtain a better answer of the integral by the Romberg Integration. It provides a better

approximation of the integral by reducing the true error.
1
I= / f(x)dx
0

Trapezoidal rule with end point corrections using the first derivative:

2

Ty n—1
[ sz = % (flo) + f@a) + 0 Y F) — 5 () = £/ @0) + O()
o k=1

(l'n - 1'0)

with step size h =
P N

If Iy, I are the values of I with sub-intervals of width A1, hs and Ej, Fs their corresponding

errors, respectively, then

(xn - xO)hzll i
By = —~2n = UM gy ) and By = —
1 150 (i) and Ey

(I‘n—xo)h% iy,

Assuming that f¥ is constant regardless of step size, we have

Er  hi

Ey Ij

then we have

Since I = I} + Ey = I, + E», then
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solving for Es,
I—1

B2 = G )t — 1

This estimate can then be substituted into I = I + E5 to yield an improved estimate of the

integral,
Ir— 1

I~ 21
2 () =1

It can be shown that the error of this estimate is O(h®). Thus, we have combined two trapezoidal

rule with end corrections using the first derivative estimates of O(h?*) to yield a new estimate of

O(hS).

For the special case where the h; = h and hy = h/2,

I,—1, 16 1
Inly+ 2L 2~
2T o1 T s

Given, I; = 0.8 using a grid spacing of h and I = 0.75 using a grid spacing of h/2,

16 1

I==0.
15079~ 335

(0.8) = 0.7467

with the order of accuracy O(h).

2. Gaussian quadrature:

o Find the first three monic polynomials (i.e., till quadratic) on [0, 1] orthogonal with respect

to the inner product

Lo
(r.0) = || = @)

Solution:

Given two functions f, g € C]0, 1], we define an inner product of these two functions by
1
(f.9) = | w(@)f(@)g(e)da. w(z) >0

Thus the definition of the inner product depends on the integration interval [0, 1] and a given

weight function w(z).
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For the above inner product we also have
1
@f.gh = [ w(a) of(@)g(x) da = (fgh

We create a sequence of polynomials ¢x(x) of degree k for k = 0,1,2,3,... such that
(¢iy Pj)w = 0 for all i # j.

We know that the Chebyshev polynomials of the first kind 7},(z) are orthogonal within the
1

interval = € [—1, 1] with a weight function w(z) = ———,
V1 —az?

0 i#J

L
| BT de =y = %0

T i=j=0

We also know that the Chebyshev polynomials of the first kind 7,,(y) are orthogonal poly-

ials on [0, 1] with respect to the weight function w(y) !
nomials on [0, 1] with respect to the weight function w(y) = ————,
Vay — 4y?

0 i F#J

! 1
[ S BT = { gt =40

/2 i=35=0

We can transform any finite domain a < y < b to the basic domain —1 < x < 1 with the

1 1
change of variable y = i(b —a)r + 5(1) +a).

1
For the domain 0 < y < 1, we can write y = §($ +1).

Let us now find the sequence of orthogonal polynomials. This is done by a Gram-Schmidt

process.

let, po(z) =1 = do(2y—1)=1

then, ¢1(x) = © — B1¢o(x), where By = W
¢mw=<%1>“%@:ﬁ§%>%@yn
_ (2y—1),1)
B TSV
N 2y — 1)dy

:(le)/o /Ziy_yQ(y

1

A v4y—yfw

-l
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and (bk(:c) = (x - Bk)¢k—1($) - Ckgﬁk_g(i), k Z 2
(L1, Pr—1)w and

| pr—12,
(Zop—1,0r—2)w _ lPp-1ll2

lop—2ll2,  lldr—2l2

with, By =

Cr =

¢2(y) = ((2y — 1) = Ba) ¢1(2y — 1) — C2 ¢o(2y — 1)

_ oy (Cy—1)¢1,¢1) 4y (@y = 1)1, ¢0) B
= ((2y 1) o100 ) $1(2y — 1) 0. 0) do(2y — 1)
_ (2y—1)(2y — 1), (2y — 1)) (2y—1)(2y —1),1)
= (2y — 1)2 _ By 13y~ 1) 2y —1) — 1)
2 _ 2
(4 Ay 1) <4y<2y fyfgz’iy” D oy -1y & <14y1>+ L1
[ ey, [RE=Ey
= (4y? —dy+1) - =2 T \/4‘”)?74'”2) 2y —1)— 2 1@
20 —1)(2y — 1 1
AN |y =
- (4y2—4y+1)—77:§;l
=y’ —y+ %

e Use the above to find a quadrature formula of the form

1 x n
|, @i = S aiste)

that is exact for all f(z) of degree 3.
Solution:

b
Let (f, g)w = / w(z)f(x)g(xz) dr (the weighted inner product). By the Gram-Schmidt
a
process, there is a sequence {¢;} of orthogonal polynomials where ¢; has degree j. ¢;11 has
j + 1 distinct real zeros x, ..., z, in [a,b].

Let l;(x) be the i-th Lagrange basis polynomial for these zeros and let
b
a; = / li(x) dx
a
The claim is that with this set of x;’s and a;’s,

/bw(m)f(x) dx ~ Zazf(%)
a 1=0

has degree 2n + 1.
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Suppose f € Py 1. Since pnp41 has degree n + 1, polynomial division gives
f = q('r)anrl(x) + ’I"(I‘), q,7 € Py.

Plugging this expression into the integral,

b
I— / (q(@)prss (2) + r(2))w(z)de
b
= (¢, Pn+1)w —i—/a r(z)w(z) dz

= /abr(x)w(a:) dx

because py11 is orthogonal to all polynomials of degree < n, which includes q. Now plug the

expression into the formula:

formula = a; f(x;)

=0
n n
=Y aiq(@i)pnii (@) + Y air(z)
1=0 1=0

= Z a;r(x;)
=0

Last, we need to establish that I and the formula are equal. Because r(z) has degree < n,

it is equal to its Lagrange interpolant through the nodes zg, ..., ,, so

r(z) =) r(e)l(z)

=0

Thus, working from the formula for I,

b noorb =
_ / r@yw(z) de =Y [ li@)w(z) do =" ar(x)
a =0

=077

which establishes equality. To see that the degree of accuracy is exactly 2n + 1, consider

F@) = [ — )

J=0

Note that the nodes z; depend on the degree, so really they should be written x,,; (for i =

0,...,n) for ¢p4+1. One can show that, unlike with equally spaced interpolation,

Jim | — ;aif(xmi” =0
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under reasonable assumptions on f. Thus, Gaussian quadrature does well when adding more

points to reduce error when function values of f at any point are available.

In summary, let {¢;} be an orthogonal basis of polynomials in the inner product (f, g), =
b

/ w(zx)f(x)g(x) dr and let xg, ..., x, be the zeros of the polynomial ¢, with Lagrange

basis {lx(z)}. Then

b n b

I=| wk)f(e) de = Zaif(xi), a; = | lLi(zx)w(x) dz,

a i—0 a

called the Gaussian quadrature formula for w(x), has degree of accuracy 2n + 1.

Thus,

1 T 1 1
I :/O 17—3:2]0(96) dx = ;aif(mi)v @i :/0 li(z)w(z) dz,

is exact for all f(z) of degree 3.

L zsin(x)

o Use the above to evaluate —=dz
0 V1— a2
Solution:
1
Ly sin(x
I= md ~ Zalf x;) a; :/0 li(x)w(zx) dz

bor—
where [;(x) = H J

L —x;

i#] J
The Chebyshev polynomials of the first kind 7},(y) are orthogonal polynomials on [0, 1] with

1

respect to the weight function w(y) =

Vay — 4y?

1
T2y -1) =y —y+g

with nodes yg = 0.85355339, y; = 0.14644661 and the weights wy = wy = 0.78539816

1(2y — 1) sin(2y — 1) - /1
I= dy ~ i 21'—1 i = lz2 —1 2y —1)d
/0 T y ;af( yi—1) ai = | 12y = 1w(2y 1) dy

called the Gaussian quadrature formula for w(y) and has degree of accuracy 2n + 1.

For the quadrature formula to be exact for all f(y) of degree 2n+1=3 = n =1,

Mt @2y-1)sin(2y—-1) , ! ‘ o
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3. Comment on using the Newton method to compute the root of the function f(x) = z

1
where a; = / Li(2y —1) w2y — 1) dy
0

I'=aof(2yo — 1) + a1 f(2y1 — 1)

1 1
- / o2y = 1) w(2y = 1) dy f20— 1)+ [ L2y —1) w(@y—1) dy 2 = 1)
2y—1)—(2y1 — 1) 1
=y w1 =@ =) Vi i dy f(2yo —1)
+/ Gy_D=Cw=D L gy pay - 1)

(2y1 — 1) — (2yo — 1) /Ay — 492

_ (2y — 1) — (2(0.14644661) — 1) 1
/0 2(0.85355339) — 1) — (2(0.14644661) — 1) /4y — 442 dy f(2(0.85355339) — 1)
(2y — 1) — (2(0.85355339) — 1) 1
+/ (2(0.14641661) — 1) — (2(0.85355339) — 1) Ay — iy dy f(2(0.14644661) — 1)

= (0.78539816) (2(0.85355339) — 1) sin(2(0.85355339) — 1)
+ (0.78539816) (2(0.14644661) — 1) sin(2(0.14644661) — 1)

= 0.72156522

13 e, if
your initial guess is xg = 1, what would be the value of z,7 Does the method converge to the

root we want?

Solution:

Given, f(z) = z'/3, then f'(z) = (1/3)z~%/3, and the Newton method iteration becomes

ey = 1y f(xn)
f/(fcn)
oL
(1/3)z
=x, — 3T,
= 2z,

The next 10 estimates are —2.0, 4.0, —8.0, 16.0, —32.0, 64.0, —128.0, 256.9, —512.0, 1024.0. It
is obvious that things are going bad. In fact, if we start with any non-zero estimate, the estimates

oscillate more and more wildly.

If the initial guess is g = 1, then the value of z,, = —2x,,_1. The Newton’s method diverges in

this case. The tangent line at the root is vertical as in f(z) = z'/3.
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4. It is given that a sequence of Newton iterates converge to a root r of the function f(x). Further,
it is given that the root 7 is a root of multiplicity 2, i.e., f(z) = (x — r)%g(x), where g(r) # 0.
It is also given that the function f, its derivatives till the second order are continuous in the
neighbourhood of the root r. If e, is the error of the n'” iterate, i.e., e, = x,, — r, then obtain

. €n+1
lim
n—oo e,

Solution:

Given, f(z) = (z—7r)%g(x), where g(r) # 0 then f'(z) = 2(x—7r)g(z)+ (v —7r)2g' (z), the Newton’s

method generates the sequence

T = )
n

Using the time-honored method of adding and subtracting, we can write this as

f'(zn)

Tpgl — T =Ty — T —

If we let ep41 = xpy1 — 7 and e, = x, — r, then we can rewrite the above as

enit = € — (zn —1)?g(2s)
"t " Q(xn - T)g(xn) + (xn - r>2g/(xn)
= e, — (.Tn — r)g(:z:n)

29(wn) + (v —7)g' (T0)
B en g(zn)
29(wn) + en g'(zn)
_ 2 en g(xn) + e% g (zn) — en g(an)
2 g(xn) + en g'(2n)
(2= Ven g(zn) +ep ¢'(2n)
2 g(zn) +en g'(zn)

- +n

For x,, close to r the term ¢'(z,,) becomes very small relative to g(x,), and the Newton iteration

reduces to
(2 B 1)611 g('xn)
2 g(zn)

€nt+1 =
then Newton’s method is locally convergent to r, and the error e, at step n satisfies

e 1
lim n+l

n—oo e, 2
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5. Bonus question: What happens to the above if the root r has a multiplicity m?
Solution:

Let assume that the (m 4+ 1) times continuously differentiable function f has a multiplicity m
root at r.
Let f(z) = (z — r)™g(x) where g(r) # 0 then f'(z) = m(x — r)™ g(z) + (z — r)"g'(x), the

Newton’s method generates the sequence

(xn —1)"g(zn)

ST @ — ) Tg(wn) + (20— 1) (@)
e _ (zn —7)"g(zn)
" m(xy — 7)™ (20 — 1)L g(2n) + (20 — )9 (1)
— e _ (zn —1)g(n)
"om 9(xn) + (xn — 1) g'(Tn)
— e, en 9(Tn)

m g(zn) +en g'(Tn)
_meén g(zn) + 6121 g (vn) — en g(xn)
m g(zn) + en g'(xn)
_ (m—1Den g(zn) + €5 g'(zn)
m g(zn) +en g'(zn)

For z;, close to r the term ¢'(x,) becomes very small relative to g(x,), and the Newton iteration

reduces to
(m B l)en g(xn)
m 9(5%)

En+1 =

then Newton’s method is locally convergent to r, and the error e,, at step n satisfies

lim En+1 _ (m — 1)

n—oo e, m
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1

6. Compute/ e dy using the
-1

(a) Trapezoidal rule
(b) Trapezoidal rule with end corrections using the first derivative
(c¢) Trapezoidal rule with end corrections using the first derivative and third derivatives

(d) Gauss-Legendre quadrature

o Perform this by subdividing [—1,1] into N € {2, 5,10, 20, 50,100} panels.

e Plot the decay of the absolute error using the above methods.

e You may obtain the exact value of the integral up to 20 digits using wolfram alpha.
e Make sure the figure has a legend and the axes are clearly marked.

e Ensure that the font size for title, axes, legend are readable.

e Submit the plots obtained, entire code and the write-up.

Solution:

Given,

1
/ e " dx = /7 erf(1) ~ 1.49365
—1

Trapezoidal rule:

[ (f(mo)+f$n)+h2f:rk

(zn — m0)

here h =
where N

, the grid spacing

Trapezoidal rule with end corrections using the first derivative:
h‘2 ! /!
[ 5(f(oco>+fa:n)+hzfa:k (@) — £(20))

Trapezoidal rule with end corrections using the first derivative and third derivatives:

/;cn f(m)dx ;l(f(:(:o) + f Ty ) +h Z f x) 1 (f/(xn) _ f’(xo)) + m(fm(xn) _ fm<370))

0

Gauss-Legendre quadrature:

[ s S w s
-1 k=1

where n is the number of points, wj are quadrature weights and xj are the roots of the n'*

Legendre polynomial.

10
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1
2
3
4
5

© 0o N O

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

Program:

#!/usr/bin/env python
# File: program6.py
# Name: D.Saravanan

# Date: 02/12/2021

9979

import matplotlib.pyplot as plt

Script to implement quadrature methods and see how the error behaves

from matplotlib. ticker import ScalarFormatter

import numpy as np

plt.style.use(”classic”)

plt .rcParams|[”text . usetex”] = True

plt .rcParams|[”pgf.texsystem”] = 7pdflatex”

plt .rcParams. update (

{
"font . family”: "serif”,
"font.size”: 10,
"axes.labelsize”: 12,
7axes. titlesize”: 12,
"figure . titlesize”: 12,
}

# end points of interval

a, b=-1,1

# function to be integrated
def f(x):

return np.exp(—x*x2)

# first derivative of the function
def df(x):

return —2xx*np.exp(—x**2)

# third derivative of the function

def ddf(x):

return 4xx*(3 — 2xx*%2)*np.exp(—x**2)

11

999
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41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81

# exact value of the integral

exact = 1.49364826562485405080

# number of grid points

N=[2, 5,

10, 20, 50, 100]

n = np.array (N)

# number of different

Ngrids =

h = np.zeros(Ngrids)

len (N)

trap = np.
tend = np.
tent = np.
gleg = np.

zeros (Ngrids

Z€eros

Ngrids

Z€ros

( )
( )
(Ngrids)
( )

Z€ros

Ngrids

for k, N in enumerate(N):

h k]

(b—a) / (N-1)

x = np.linspace(a, b, N)

set of grids

# different grid spacings

# trapezoidal rule
# trapezoidal rule using first derivative
# trapezoidal rule using first and third derivative

# gauss—legendre quadrature rule

# grid spacing
# grid points

# nodes and weights calculation of gauss—legendre

xnode ,

wnode = np.polynomial.legendre.leggauss (N)

trap [k] = h[k] % (np.sum(f(x)) — (f(a) + f(b)) / 2)
tend [k] = trap[k] — (h[k]*x2 / 12) % (df(b) — df(a))
tent [k] = tend[k] + (h[k]*x4 / 720) x (ddf(b) — ddf(a))

gleg [k] = np.inner (wnode, f(xnode))

# error calculations

trap-err
tend_err
tent_err

gleg_err

formatter

abs(np.double(trap —
abs(np.double (tend —
abs(np.double(tent —
abs(np.double(gleg —

= ScalarFormatter ()

formatter.

set_scientific (False)

12
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82
83
84
85
86
87
88
89
90
91
92

fig , ax = plt.subplots()

ax.plot(n, trap.err, "b.——", label=r”$trapezoidal\ rule$”)

ax.plot(n, tent_err, "m——", label=r”$trapezoidal\ 1st\ \&\ 3rd\ derivative$”)

(

ax.plot(n, tend_err, "r.——", label=r”$trapezoidal\ rule\ 1st\ derivative$”)
(
(

ax.plot (n, gleg_err, 7g.——”, label=r”$gauss—legendre\ quadrature\ rule$”)

ax.set (xlabel=r”$number\ of\ grid\ points$”, ylabel=r”$error\ in\ quadrature$”)

ax.set_xscale(”"log”, base=2); ax.set_yscale(”log”, base=10)
ax.xaxis.set_major_formatter (formatter)

ax.set_title (r”$Quadrature\ convergence$”)

ax.grid (True); ax.legend(loc="lower left”)

plt.savefig (”program6.pgf”)

Quadrature convergence

10° T ) ) ) ) )
~ < : : ‘ ‘ :
b ~ ~ o : .
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A < . : - - _ . : .
~N N : T - e _ : :
AN DN : : = - :
N . ~N . . N .
AN ~ - ‘ : : T e~
10074 \:\ """" S S T~y .
DN R - : : :
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\ L
\ S
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‘ 1 ‘ ‘ N
. ~
— - trapezoidal rule N
. . . : ~
— - trapezoidal rule 1st derivative ‘ ~
10714 Y AU R LR, EERE R o ... -
— - trapezoidal 1st & 3rd derivative } e —im = — —e
N - .
— = gauss — legendre quadrature rule | < _ - =~ ;
10—16 I I Il il 1 1
2 4 8 16 32 64 128

number of grid points

1

Figure 1: Plot of decay of the absolute error of / e~ dz with N € {2, 5,10, 20,50,100}

-1

Error terms:

N Trap. rule Trap. 1st Trap. 1st & 3rd
2 7.57889383e¢—01 2.67383462¢—01 2.01982672e—01
5 3.09077620e—02 2.51141870e—04 4.32996404e—06
10 6.06557161e—03 9.94294427e—06 2.51687526e—08
20 1.35924374e—03 5.01574756e—07 2.69072320e—10
50 2.04303689e—04 1.13439458e—08 9.01945185e—13
100 5.00471987e—05 6.80822287e—10 1.33226763e—14

13

Gauss—Leg .
6.05856445e—02
1.56550778e—05
5.03375119e—13
2.22044605e—16
3.10862447e—15
3.33066907e—15
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We can see that the Gauss-Legendre quadrature does better than the Trapezoidal rule with end
corrections using the first and third derivatives which in turn does better than the Trapezoidal

rule with end corrections using the first derivative which in turn does better than the Trapezoidal

rule without end corrections.

1
7. Evaluate I = /
0

panels.

NG dx by subdividing the domain into N € {5, 10, 20, 50, 100, 200, 500, 1000}
T

(a) Using a rectangular rule

(b) Make a change of variables x = t? and use rectangular rule on new variable.

e Plot the decay of the absolute error using the above two methods.

e You may obtain the exact value of the integral up to 20 digits using wolfram alpha.

e Compare the two methods above in terms of accuracy and cost.

o Explain the difference in solution, if any.

e Make sure the figure has a legend and the axes are clearly marked.

o Ensure that the font size for title, axes, legend are readable.

e Submit the plots obtained, entire code and the write-up.

Solution:

Given,

1oz
I:/ — dx = /m erf(1) = 1.493648
[ do= R at)

make a change of variables x = t2, then

hence,

Rectangular rule:

dx

— =2t
dt

dr = 2t dt

1 ,—t2 1
I= / €T2t dt = 2/ e~ dt = /7 erf(1) ~ 1.49365
0 0

/:nf(a:) dx%hif(W)

0 k=1

14
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(xn - 170)

here h =
where N

, the grid spacing

Program:

1 #!/usr/bin/env python
2 # File: program7.py
3 # Name: D.Saravanan

4 # Date: 02/12/2021

9999 999

Script to evaluate an integral using rectangular rule

import matplotlib.pyplot as plt

© oo =N o ot

from matplotlib.ticker import ScalarFormatter
10 import numpy as np

11

12 plt.style.use(”classic”)

13 plt.rcParams[”text.usetex”] = True

14 plt.rcParams[”pgf.texsystem”] = 7pdflatex”

15 plt.rcParams.update(

16 {

17 "font . family”: ”serif”,
18 "font .size”: 10,

19 7axes.labelsize”: 12,
20 Paxes. titlesize”: 12,
21 "figure . titlesize”: 12,
22 }

23 )

24

25 # end points of interval
26 a, b =20, 1
27

28 # function to be integrated

29 def f(x):

30 return np.exp(—x)/np.sqrt(x)
31

32

33 # function with chnage of variable

34 def g(t):

35 return 2 * np.exp(—t*%2)
36

37

15
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38 # exact value of the integral
39 exact = 1.49364826562485405080
40

41 # number of grid points

42 N [5, 10, 20, 50, 100, 200, 500, 1000]

43 n = np.array (N)

44

45 # number of different set of grids
46 Ngrids = len(N)

47

48 h = np.zeros (Ngrids) # different grid spacings

49

50 rect = np.zeros(Ngrids) # rectangular rule

51 recv = np.zeros(Ngrids) # rectangular rule with change of variables
52

53 for k, N in enumerate(N):

54 h{k] = (b —a) / (N— 1) # grid spacing
55 x = np.linspace(a, b, N) # grid points
56 y = 0.5%(x[0:N=1] + x[1:N])

57

58 rect [k] = hlk]*np.sum(f(y))

59 recv [k] = h[k]*np.sum(g(y))

60

61

62 # error calculations

63 rect_err = abs(np.double(rect — exact))

64 recv_err = abs(np.double(recv — exact))
65
66 formatter = ScalarFormatter ()

67 formatter.set_scientific (False)

68

69 fig , ax = plt.subplots()

70 ax.plot(n, rect_err, "m——", label=r”$rectangular\ rule$”)

71 ax.plot(n, recv_err, "b.——", label=r”$rectangular\ rule\ (x = t72)$”)

72 ax.set(xlabel=r”$number\ of\ grid\ points$”, ylabel=r”8error\ in\ quadrature$”)
73 ax.set_xscale(”log”, base=2); ax.set_yscale(”log”, base=10)

74 ax.xaxis.set_major_formatter (formatter)

75 ax.set_title (r”$Quadrature\ convergence$”)

76 ax.grid (True); ax.legend(loc="lower left”)

77 plt.savefig (”programT7.pgf”)
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Quadrature convergence
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Figure 2: Plot of decay of the absolute error of /1 e\;; dx with N € {5, 10, 20, 50, 100, 200, 500, 1000}
0
Error terms:
N Rect. rule Rect. (new variable)
5 0.30836846 3.84599816e—03
10 0.20357018 7.57498352e—04
20 0.13943952 1.69870211e—04
50 0.08658154 2.55371636e—05
100 0.06085398 6.25585197e—06
200 0.04290122 1.54827733e—06
500 0.02708435 2.46236981e—07
1000 0.01914005 6.14360545e—08

We can see that the rectangular rule with change of variables z = ¢? does better than the
rectangular rule without change of variables. The rectangular rule with change of variables z = t2

generate an integration method with the order of accuracy O(h?).
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8. Consider the motion of a simple pendulum.

mgcos(f)

The restoring force is mgsin(f) and hence the governing equation is

2

mL@ + mgsin(f) =0

Let the length of the string be g. Hence, the governing equation simplifies to

d?0 .
@ + SIH(Q) =0

At the initial time, the pendulum is pulled to an angle of § = 30° = % before being let loose
without any velocity imparted. Write a code to solve for the motion of the pendulum till £ = 100

seconds using

(a) Forward Euler
(b) Backward Euler

(¢) Trapezoidal Rule

e Recall that you need to reformulate the second order differential equation as a system of

first order differential equation.
o Vary your time step At in {0.01,0.02,0.05,0.1,0.2,0.5,1,2,5,10,20}.

e For each At plot the solution obtained by the three methods on a separate figure till the

final time of 100.

e Discuss the stability of the schemes. From your plots, at what At do these schemes become

unstable (if at all they become unstable)?

18
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o Analyse the stability of the three numerical methods to solve the differential equation by

approximating sin(f) to be 6.
e Make sure each figure has a legend and the axes are clearly marked.
o Ensure that the font size for title, axes, legend are readable.

e Submit the plots obtained, entire code and the write-up.

Solution:

We first reduce the second order differential equation

d%0 )
ﬁ = — sm(@)
to a system of first order equations,
" _,
dt
% = —sin(0)

Notice that (6',w’) is given as a function of (f,w). The entire motion of the pendulum is de-
termined if we know (f,w) at some instant. So we call (§,w) the phase of the system. We are
given the initial phase of the system, i.e., we know from which initial angle we have released
the pendulum, and with what angular velocity. Our aim is to know the phase at all time points
during the swing.

Thus, at t = tg, we know

0=06y=

o ol

W =wqy =

We want to know the values 6(t) and w(t) at any given ¢t > to. We also know the rate at which

they are increasing at t = tq:

gl(to) = W

w/(to) = — Sin(e())

Now advance time a little to t1 = ty + 0t, say. By this time # and w will roughly change to

01 =0y + 9’(t0)5t = 0y + wodt

w1 = wo + w’(to)ét = wo — Sin(@o)(st

So we get the phase (approximately) at t; = ty + 0t. Now we keep on advancing time by 0t
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increments. The same logic may be used repeatedly to give, at t, = tg + k - 0t,

O = Op_1 + wi_10t

Wi = w1 — sin(fg_1)dt

Admittedly, this is a rather crude approximation. However, if §t is pretty small, the accuracy

increases.

(a) Forward Euler:

Ok+1 = O + widt

WE41 = W — Sin(@k)(st

(b) Backward Euler:

Or1 = O + wi10t
= Ok + (wr — sin(0)3t ) ot
Wgt1 = W — sin(Og41)0t

= wy, — sin(O + wydt)ot

(¢) Trapezoidal rule:
ot
Ory1 =0k + 5 (wk + wk+1)
ot

=0 + 5 (wk + wi — sin(@k)5t>

ot . .
Wht1 = Wk — E(sm(@k) + 81n(9k+1))

= wy, — %(sin(@k) + sin(6y + Wk(St))

Program:

1 #!/usr/bin/env python

2 # File: program8.py

3 # Name: D.Saravanan

4 # Date: 02/12/2021

5

6 7”7 Script to compute the angular displacement and angular velocity for a simple
7 pendulum using Euler’s method ”7”

8
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9 import matplotlib.pyplot as plt

10 import numpy as np

11

12 plt.style.use(”classic”)

13 plt.rcParams[”text.usetex”] = True

14 plt.rcParams[”pgf.texsystem”] = 7pdflatex”

15 plt.rcParams.update(

16 {

17 "font .family”: ”serif”,
18 font .size”: 10,

19 7axes.labelsize”: 12,
20 "axes. titlesize”: 12,
21 "figure . titlesize”: 12,
22 }

23 )

24

25 t_ = 100 # time period (s)

26

27 # time step (s)

28 for n, dt in enumerate([0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1, 2, 5, 10, 20]):

29

30 N = int(t_. / dt) # number of steps

31 t = np.zeros(N + 1) # time vector (s)

32

33 thetal = np.ones(N + 1) # angular displacement

34 omegal = np.ones(N + 1) # angular velocity

35

36 thetal [0] = np.pi / 6 # initial value of angular displacement (rad)
37 omegal [0] = 0.0 # initial value of angular velocity (1/s)

38

39 theta2 = np.ones(N + 1) # angular displacement

40 omega2 = np.ones(N + 1) # angular velocity

41

42 theta2 [0] = np.pi / 6 # initial value of angular displacement (rad)
43 omega2[0] = 0.0 # initial value of angular velocity (1/s)

44

45 theta3 = np.ones(N 4+ 1) # angular displacement

46 omega3 = np.ones(N + 1) # angular velocity

47

48 theta3[0] = np.pi / 6 # initial value of angular displacement (rad)
49 omega3 [0] = 0.0 # initial value of angular velocity (1/s)
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50

51 for k in range(0, N):

52

53 t[k + 1] = t[k] + dt

54

55 # forward euler

56 thetal[k + 1] = thetal[k] + omegal[k] = dt

57 omegal [k + 1] = omegal [k] — np.sin(thetal[k]) x dt

58

59 # backward euler

60 theta2 [k + 1] = theta2[k] + (omega2[k] — np.sin(theta2[k]) * dt) = dt
61 omega2 [k + 1] = omega2[k] — np.sin(theta2[k] + omega2[k] * dt) * dt
62

63 # trapezoidal scheme

64 theta3 [k + 1] = theta3[k] + (dt / 2) = (

65 omegald [k] 4+ omega3[k] — np.sin(theta3[k]) =+ dt

66 )

67 omega3 [k + 1] = omega3[k] — (dt / 2) * (

68 np.sin(theta3 [k]) + np.sin(theta3[k] + dt % omega3[k])

69 )

70

71 figure , ax = plt.subplots ()

72 ax.plot (t, thetal, "r—", label=r”$euler\ explicit$”)

73 ax.plot (t, theta2, "b—", label=r”$euler\ implicit$”)

74 ax.plot (t, thetad, "k—", label=r”$trapezoidal\ scheme$”)

75 ax.set (xlabel=r”$time\ (s)3$”, ylabel=r”$\theta\ (rad)$”)

76 ax.set_title (r”$Simple\ pendulum\ solution\ (time\ step = {}\ s)$”.format(dt))
7 ax.grid (True); ax.legend(loc="best”)

78 plt.savefig (”program8{}.pgf”.format(n))

From the plots,

o Forward Euler scheme become unstable at time step, 0t = 0.05s
e Backward Euler scheme become unstable at time step, 0t = 2s

e Trapezoidal Rule scheme become unstable at time step, dt = 1s
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Lo Simple pendulum solution (time step = 0.01 s)
: T ! ! T

— euler explicit

— euler implicit

— trapezoidal scheme

ES)
S
2 N
>
/ é J
o 1 1 1 1
0 20 40 60 80 100
time (s)
Lo Phase space diagram (time step = 0.01 s)
. T T T
— euler explicit
— euler implicit
— trapezoidal scheme
I 7 = e NN .
Y00 HEHH : | AR 1
- ‘ ]
3 T 3 O N e s — A A 4
—-1.0 —-0.5 0.0 0.5 1.0

0 (rad)

Figure 3: Numerical results for the nonlinear simple pendulum equation with §¢t = 0.01s
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- Simple pendulum solution (time step = 0.02 s)
: v T T

— euler explicit

— euler implicit

Lo trapezoidal scheme

0 (rad)

0 20 40 60 80 100
time (s)

Phase space diagram (time step = 0.02 s)

1.5 T T T T T
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3
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1 ‘ : euler explicit
— euler implicit
— trapezoidal scheme
—15 1 1 1 Il Il
—1.5 —-1.0 -0.5 0.0 0.5 1.0 1.5

0 (rad)

Figure 4: Numerical results for the nonlinear simple pendulum equation with §t = 0.02s
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Simple pendulum solution (time step = 0.05 s)

0 (rad)

—25+H — euler explicit |-+ N e
— euler implicit
— trapezoidal scheme : : :
30 T I I I
0 20 40 60 80 100
time (s)

Phase space diagram (time step = 0.05 s)

T

2.0 T
— euler explicit

sH euler implicit

— trapezoidal scheme

10 R D R R —

Y] S T S S P— -l

w(s™h

L S e e e e
1 S SR e R b

] R e e T SRRV O

EEY) R W 1V NS NS N S .

—2.5 L L |
-30 —25 —20 —15 —10 -5 0 5
0 (rad)

Figure 5: Numerical results for the nonlinear simple pendulum equation with §¢t = 0.05s
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20 Simple pendulum solution (time step = 0.1 s)
T T s T

—20

—40

—60

6 (rad)

—80

—100

10l T euler explicit | S SOOI SUTUURRRT |
— euler implicit 1 1
— trapezoidal scheme

0 20 40 60 80 100

time (s)

Phase space diagram (time step = 0.1 s)

2 T T T T
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7
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T T TV O O P S ,,,,,,,,,,,, 4
4 I I ! ! ! ! !
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0 (rad)

Figure 6: Numerical results for the nonlinear simple pendulum equation with §t = 0.1s
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Simple pendulum solution (time step = 0.2 s)
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— euler implicit
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Figure 7: Numerical results for the nonlinear simple pendulum equation with §t = 0.2s

27



MA5892: NMSC End Semester Exam Roll number: PH15M015

- Simple pendulum solution (time step = 0.5 s)
5 T T s T
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Figure 8: Numerical results for the nonlinear simple pendulum equation with §t = 0.5s
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Simple pendulum solution (time step =1 s)
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Figure 9: Numerical results for the nonlinear simple pendulum equation with §t = 1s
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Simple pendulum solution (time step =2 s)
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Figure 10: Numerical results for the nonlinear simple pendulum equation with §t = 2s
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200

—200

Simple pendulum solution (time step =5 s)
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Figure 11: Numerical results for the nonlinear simple pendulum equation with dt = 5s
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500

Simple pendulum solution (time step = 10 s)
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Figure 12: Numerical results for the nonlinear simple pendulum equation with §¢ = 10s
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500 Simple pendulum solution (time step = 20 s)
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Figure 13: Numerical results for the nonlinear simple pendulum equation with §¢t = 20s
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Physical stability for the simple pendulum:

The stability analysis of the simple pendulum problem will be done by approximating sin(f) to

be 6.

d*0

dr?

converting into a system of first order ordinary differential equations,

de
0/ = — =
at
dw
0 = — = -0
dt
rewriting in matrix form,
d |0 0 11|86
dt -1 0| |w
d 0 1
—S(t) = S(t) = F(S,t)
then,
det (A—X)=0
0 1 10
det —A =0
-1 0 0 1
0 1 A0
det - =0
-1 0 0 A
-2 1
det =0
-1 =

solving, we obtain A\ = 1.

For the exact solution to be stable and bounded, the Re(\) < 0. Since, Re(\) = 0, the exact

solution for the simple pendulum problem is stable and bounded.
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e Forward Euler:

e Backward Euler:

e Trapezoidal rule:

Spi1 = Sp + 5t F(Sn,tn)

= Sp + 4t

Sn-l—l = Sn + 0t F(Sn—i-htn—i-l)

=5, + 0t
-1 0

Sn—l—l

Sn+1 = Sn

Sn-l—l = Sn

Sn—i—l =

ot
Sn+1 = Sn + 5

ot 0 1 0 1
Sn +
-1 0

[F(S’mtn> + F(Sn+latn+1)]

Sn+1

SnJrl =

- Sn—l—l = +
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) 1y
5t Sn1 = 5t Sn

7 1 7 1

-1

1 ot 1 ot

2 2
SnJrl = st Sh

7 0 7 1

These equations allow us to solve the initial value problem since at each state, S,,, we can compute

the next state at S, 1. In general, this is possible to do when an ODE is linear.
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