MAS5892: Numerical Methods and Scientific Computing  Assignment: 4

Roll number: PH15MO015

1
1. Compute/ e

CL‘2

dx using the trapezoidal rule and trapezoidal rule with end corrections using the first and third derivatives.

0
Perform this by subdividing [0, 1] into N € {2, 5, 10, 20, 50, 100, 200, 500, 1000} panels and plot the decay of the absolute error
using the three methods. The value of the integral accurate upto 16 digits is 1.4626517459071816.

Program:

#!/usr/bin/env octave
% File: quadrature.m
% Script to compute the integral using the trapezoidal

% end points of interval
a=20; b= 1;

% function to be integrated
f =Q@(x) exp(x."2);

% first derivative of the function
g = Q(x) 2*x*exp(x."2);

% third derivative of the function
s = Q(x) 12xxxexp(x”"2) + 8xx"3xexp(x"2);

% exact wvalue of the integral
exact = 1.4626517459071816;

% number of grid points

N=[2, 5, 10, 20, 50, 100, 200, 500, 1000];

% number of different set of grids

Ngrids = length (N);

h = zeros(Ngrids ,1); % different grid spacings

trap = zeros(Ngrids ,1); % trapezoidal rule

tenf = zeros(Ngrids,1); % trapezoidal rule with end corrections
tent = zeros(Ngrids ,1); % trapezoidal rule with end corrections

for k = 1:Ngrids

rule

using first derivative
using third derivative

h(k) = (b — a)/(N(k) — 1); % grid spacing

x = linspace(a, b, N(k)); % grid points

y = 0.5x(x(1:N(k)—1) + x(2:N(k))); % mid—points of each panel

trap (k) = h(k)*(sum(f(x)) — (f(a) + f(b))/2); % trapezoidal rule

tenf (k) = trap(k) — (h(k)"2/12) * (g(b) — g(a)); % first derivative corrections

tent (k) = tenf(k) + (h(k)"4/720) % (s(b) — s(a)); % third derivative corrections
end

% error calculations

hee—7);
); ylabel(’error._in_quadrature’);
, 'third.derivative_.corrections’);

trap_err = abs(double(trap — exact)); % error in trapezoidal rule
tenf_err = abs(double(tenf — exact)); % error in first end corrections
tent_err = abs(double(tent — exact)); % error in third end corrections
figure; loglog(h, trap_err, ’'rx——’); hold on; loglog(h, tenf_err

hold on; loglog(h, tent_err, ’k«——'); xlabel(’grid.size’

legend ("trapezoidal.rule’, ’first.derivative.corrections’

set(gca, ’title’, text(’string’, ’'Decay.of_the_absolute_error.plot

set (legend, ’location’, ’'northwest’); grid on;

print ( ’quadrature. pdf’,

"))
'—dpdf’)
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Decay of the absolute error plot
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2. Use the Euler-Macluarin to obtain

where C' is some constant.

Solution:

grid size

log(n!) = log (C’ (%)n \/ﬁ> +0(1/n)
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The Euler-Maclaurin summation formula:
> > 1 = B, d* ' f(z)
nz_:()f(ﬁn):/w o) do+ 5 = 3 (1)

It can be rewritten for the case of a finite sum as following:

STy =)"fk) = > f(k) (2)

k=n k=n k=N+1

=" f(k) - Z F(k) + F(N) (3)
k=n

=S Fk+n) =Y fk+N) + (V) (4)
= k=0
> > 1 1 > B, d"! > B, d""'f(N
= [ s - /N Flo) det L pn) — L) )+ 3 D E I s Bud T
n n=2 ' =2 ’
B N 1 dn— 1f dnflf
= [ @) dot 5 17+ 0]+ Z = -] ©)
let’s consider the Stirling’s approximation for I'(n) for positive integer n > 1
I'(n+1)=nl (7)
n(T(n+1)=Inn!=In(1-2-3-...-(n—1) Zlnk (8)

The first two terms in Eq.(6) give us the following approximation:

n n 1
1—/1 %dm—&—iln(n):nln( )—n—|—1+21n( n)

In(T'(n+1)) =In(n!) = /1" In(z) dx + %(ln(l) +1n(n)) = zln(z)

Let’s notice first that the term with the derivatives of In(xz) at £ = n in Eq.(6) are proportional to negative powers of n and
thus — 0 as n — co. On the other hand, the sum of the term with the derivatives of In(z) at = 1 is a constant independent
of n. Thus,

InT(n+1) =1nn!
n n
=In (g) +Inv/n +In(C)

&

/2
e Use integration by parts to obtain an expression for I}, = / sin®(x) dz (It might be easier to look at the even and odd
0
cases separately)

e Prove that I, is a monotone decreasing sequence.

e Show that
IQm— 1

lim =1

m—00 Iom i1
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Conclude that

IQm

lim =1

e Hence, infer that the central binomial coefficient is asymptotically given by

()~

m vmm
~g(m im M:

where f(m) ~ g(m) = limy, o0 o) =

Conclude that C in the above question is v/2m

Hence, obtain the Stirling formula:

n! ~ (ﬁ) 2mn
e

Obtain the relative error in n! using the Stirling formula for n € {20, 50}

Obtain a better estimate for n!, which is accurate upto O(1/n?)



