MAS5892: Numerical Methods and Scientific Computing  Assignment: 2

Rollnumber: PH15M015

1. Consider the Vandermonde matrix V, i.e.,

1z x% xy
1 = :E% xt
1 xs x% xh
V= ) )
_1 Ty x% xz_
1
(a) Show that det(V') is a polynomial in the variables zg, x1, ..., z, with degree %

Solution:
The Vandermonde determinant det(V') # 0 if and only if the variables zg, z1, ..., ¢, are distinct.

Let n = 2, then,

1 zo 22

V=|1 2, 23

1 xzo x%

1 xo z%

det(V) =11 =z, a2
1 zo 23

= (2122 — 2229) — wo (23 — 22) + 22(x2 — 11)

= mlxg — x%xQ — xomg + xox% + x%mg — xlxg

= xlxg — .13%332 — xoxg + ToT1T2 — T1XT2X0 + x%xo + x%xz — x%xl
= (2122 — 2§ — w2 + Tox1) (T2 — T0)

= (Il - Io)(zz - ZE1)(I2 - Io)

I @i—=)

0<j<i<2

(b) Show that if x; = x; for i # j, then det(V) =0

Solution:
The Vandermonde determinant det(V') # 0 if and only if the variables zg, z1, ..., ¢, are distinct.

Let n =1, then,

. 1 o
det(V) = ‘1 )
= (z1 = 20)
=0 Zf 1 = X9
In general, for degree n,
det(V) = H (x; — ;)
0<j<i<n
=0 Zf Ti =Ty
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(c) Conclude that (z; — z;) is a factor of det(V)

Solution: Since det(V') is a polynomial, this implies that (z; — ;) is a factor of det(V').

(d) Conclude that det(V) = C

0<j<i<n

Solution:

then, by row operations we get

1 =z zj
1z 22
1 x5 x%
V =
1z, 22
1 o
1 X1
1 X2
det(V) = det
1 =z,
1 zo )
0 z1—z0 27— 2}
= det
0 xp,—x0 22—}
(21 — g 23 — 23
To — I1 J?% — x%
= det
T —zo 22 —d
_$1 — X9 0
0 o — o
= det
0 0

H (x; —x;) |, where C' is a constant

n
Lo
n
Ty
n
Lo
n
Zy, |
g
xf
ry
Ty
n—1 n
fo ) Lo
n— n— n n
Ty Lo Ty — Zp
n—1 n—1 n__ ..n
Tn, Zo Tn, Zo n+lxn+1
e
ot =gt g —
n—1 n—1 n n
hinde z() Ty =g,
0 1 z1+ 20
0 1 o + To
Tn — X0 1 In + To

Z?:o Ly

n—1 n—1-i_i
Zi:o ) Lo

-1 nflfiaj%')

n—1 _n—1—i,i
Zi:o Ly Lo
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and, by Cauchy’s Theorem, we get that

r n—1 _n—1-—i_;
1 z14+20 . . . Zi:olxl xh
n—1_n—-1—1i 4
. 1 wot+x . . . YT xh
:H(xj—xo) det
j=1
n—1_n_1—i i
11 zp4+x0 . . . Dy anT g
(1 oz, 22 . . o 2w 22 . 2t
1 2o 23 . . . x;kl 0 1 =z . . . ngz
n
:H(:cjfaso) det
=1
11 = 22 70 0 0 1
again, by Cauchy, we have that
2 n—1
1z 2y . . . 2y .
2 n—
. 1 20 25 . . . x4
:H(xj—xo) det
Jj=1
2 n—1
1 =z, =z T,

j=1 1<i<j<n
= H (2 — ;)
0<i<j<n

(e) Compare the coefficient of 21 #3 @3 ... 27 to obtain the value of C

Solution: The coefficient of the leading diagonal, sz is equals to 1 in both the determinant and the product, the value

n

of C'=1.
2. Monic Legendre polynomials on [—1, 1] are defined as follows:
qo(z) =1

q(z) ==z

1

and ¢, (x) is a monic polynomial of degree n such that / Gn () qm (x)dz = 0 for all m # n.
-1

(a) Show that these orthogonal polynomials satisfy

n2

i1 (0) = 00,(0) = (g ) s (2)

Solution:
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letn=1,

1

(o) =50 (127 ) w0

—a(0)- (3) @
()
=322-1

(b) Prove that if p(x) is a monic polynomial of degree n minimizing ||p(z)||2, then p(x) = ¢, (z)

Solution:

1/ n 2
(¢) Conclude that the Legendre nodes (i.e., the roots of the Legendre polynomial) minimize / (H(m - xk)> dx
—1 \k=0

Solution:
. The Chebyshev polynomials of the first kind are defined as

T, (x) = cos(n arccos(x))
(a) Show that the Chebyshev polynomials satisfy the orthogonality condition

LT, (2) T (2)
—1 vV 1-— .’IJ2

(b) Show that the Chebyshev polynomials of the first kind satisfy the recurrence:

dr =0

Tn+1 = ZITn - Tn—l

with Ty(z) = 1 and Ty (z) = z.

Show that T}, (z) is a polynomial of degree n with leading coefficient as 2"~! for n > 1

)
. . . 2k+1
(d) All zeros of T),+1(x) are in the interval [—1, 1] and given by z) = cos mra" ) where k € {0,1,2,...,n}
n
(e) Conclude that T, (x) alternates between +1 and —1 exactly n + 1 times
(f) Show that
n 1
H (x —zp)| < on

k=0
for all x € [-1,1]

Tn-i-l(x)

(g) For any choice of nodes {yx}}_,, consider the polynomial P, (z) = H(x — i) and look at F(z) = Pyy1(x) — o

k=0

1
If |Pyyi(2)| < on show that F'(x) alternates in sign n + 2 times on the interval [—1,1]. Hence, conclude that F'(z) has to

n

H(a: — )

k=0

be identically zero and therefore conclude that Chebyshev nodes of the first kind minimizes maz = € [—1, 1]

. Consider the uniformly spaced nodes, the Legendre nodes, Chebyshev nodes of the first kind for n + 1 points. For all these sets
of points, perform the following;:

(a) Plot the condition number of the Vandermonde matrix as a function of n (Use semilogy for plot). Comment on how the
condition number scales with n for all these three sets of nodes. You will get three curves (one corresponding to uniform
nodes, one corresponding to Legendre nodes and another one corresponding to Chebyshev nodes).
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(b) For the Range function obtain the and plot the interpolant by the three set of nodes for n € {5,7,9, ...,33,35} by

e Solving the linear system
e Using Lagrange polynomials
Comment on the above.

(¢) Plot the decay in maximum relative error as a function of n (on a semilogy) plot for the three different interpolants (vary
n from 5 to 35 in steps of 2). To get the maximum relative error, evaluate the interpolant and the Runge function at 1001
equally spaced points and compute the maximum relative error at these 1001 points.

5. Show that for any set of interpolant nodes, we have

for all m € {0, 1, ...,n}, where [;(z) is the j" Lagrange polynomial.



